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Oil 1s leaking from a pipeline on the surface of a lake and forms an oil slick whose volume increases at a
constant rate of 2000 cubic centimeters per minute. The oil slick takes the form of a right circular cylinder
with both its radius and height changing with time. (Note: The volume ¥ of a right circular cylinder with
radius 7 and height / is given by V = 77%h.)

(a) At the instant when the radius of the oil slick is 100 centimeters and the height is 0.5 centimeter, the
radius is increasing at the rate of 2.5 centimeters per minute. At this instant, what is the rate of change
of the height of the oil slick with respect to time, in centimeters per minute?

(b) A recovery device arrives on the scene and begins removing oil. The rate at which oil is removed is
R(#) = 4004t cubic centimeters per minute, where ¢ is the time in minutes since the device began
working. Oil continues to leak at the rate of 2000 cubic centimeters per minute. Find the time ¢ when
the oil slick reaches its maximum volume. Justify your answer.

(c) By the time the recovery device began removing oil, 60,000 cubic centimeters of oil had already
leaked. Write, but do not evaluate, an expression involving an integral that gives the volume of oil at
the time found in part (b).

(a) When » =100 cmand %z = 0.5 cm, ‘g[/ 2000 cm® /min 1: ddlt/ = 2000 and % =25
4: ; dv
and % = 2.5 cm/min. 2 : expression for 5
1 : answer
av dr 2 dh
T =2xr 7 —=h+ wr- v
2000 = 277(100)(2.5)(0.5) + x(lOO)Z%
i’}tl = 0.038 or 0.039 cm /min
(b) % = 2000 — R(1), 50 Eg{- = 0 when R(1) = 2000. L R(t) = 2000

This occurs when ¢ = 25 minutes. 304 1:answer

1 : justification

Since%tV—>0forO<t<25 anddé,—lj<0fort>25,

the oil slick reaches its maximum volume 25 minutes after the
device begins working.

(c) The volume of oil, in cm®, in the slick at time ¢ = 25 minutes ) { 1 : limits and initial condition
1

25 i g i
is given by 60,000 + j | (2000 R(1)) dt. : integrand
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The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height #,

the radius of the funnel is given by r = 3+h ) where 0 < /4 < 10. The units of » and / are inches.

2

(a) Find the average value of the radius of the funnel.

(b) Find the volume of the funnel.

(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is
h =3 inches, the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this

instant, what is the rate of change of the height of the liquid with respect to time?

: 10 3710
: (a) Average radius = IOJ L 3 h ) dh = 500 {3/1 + 1 } 1 : integral
i 0 3:<{ 1: antiderivative
i __1 1000} _ 4} _ 109 , 1 : answer
i ‘200((3(” 3 ) 0)” 60 "
% 4
’ 10 1 2 z (1o 5 4' )
(b) Volume = EJ;) ((20)(3 +h” )) dh = WJ.O (9 +6h” +h )dh l: mtejgra‘nd .
it 3:4 1 :antiderivative
;
W3 4 h 1 : answer
=700 {% + 2h 5 L

_ T 100000\ \ _ 22097 . 3
=700 ((90 + 2000 + 5 ) 0) == 0

dr _ 1 oy dh

(c) = (2h) 5 3. 2 chain rule

1_3.dn 1 : answer
r 510 dt

g LI 2 in/sec

d 5 3 3
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Heots (a) P=8R
F ' dP _ dR
@ .

6=—=21—
dt dt

dR 3 dP 24

; — =—; — =— inches/second
g dt 7 dt =&

= 7.639 inches/second

gIDf«‘ (b) Area =4R>—-1xR*

d (Ar

: ___( ea) =8Rd—R—27erl—Ri
dt dt dt
e dR
3 = 4 — 7T 2R —
T
Area of circle = 2571 = 7 R?

)}

;. R=5

( ea) = 120 —301inches”/second
dt T

=(4- 7[)& inches?/second
Vs

~ 8.197 inches®/second




H‘/\ Solution

2 roo4 1 1
3 a) —=—=— =—h
Ofls @ =5=3 773
2 3
V=i;r(lh) L
373 27
l dv rmh’ dh
3'{*; S S
f ® =5
2
=”;’ (h-12)= -9z

V is decreasing at 97 ft’ /min
> fes (c) Let W= volume of water in cylindrical tank

W =400z y; —Z—V:/ = 4007Z'Q

dt

4007 4 =97
dt

is increasing at ? ft/min
¥ 84 200



S.
A coffeepot has the shape of a cylinder with radius 5 inches, as shown in the figure
above. Let h be the depth of the coffee in the pot, measured in inches, where  is a
function of time ¢, measured in seconds. The volume V of coffee in the pot is
changing at the rate of —5mvh cubic inches per second. (The volume V of a cylinder
with radius r and height A is V = 7rh.)

(a) Show that (é—? = - i

= -

J

(b) Given that h =17 at time ¢ = 0, solve the differential equation j—? = —g for

h as a function of ¢
(c) At what time ¢ is the coffeepot empty?
(a) V = 257h 1: ey _ —57/h

Codt

av ah .

i 257rE = —5nvh 3 1 : computes Cfi—‘t/

dh 5 T o N 1 : shows result

d  25m B
(b) dh N 1 : separates variables

dt 9 1 : antiderivatives

1 : constant of integration
1 1 53
—=dh = —cdt 1 : uses initial condition h = 17
vh 5
when t = 0
2\/52_%7”_0 | 1 : solves for h
2N1T=0+C
* Note: max 2/5 [1-1-0-0-0] if no constant
1 - 9 of integration
h=|—=—t 17
it )
Note: 0/5 if no separation of variables
1 2

(c) (_mt + \/ﬁ) =0 1 : answer

t = 1017

hin




@) V =nxr’h = 7r(l)2 h = xh

av
dt

= T— = ( 1 —V4 ) cublc feet per second
h=4  drly

by &h___ 1 dn__ 1 (1f)

d* 20Vh dt 204k 200

*h 1
ar ~ 200
height is increasing when the height of the water is 3 feet.

Because —— > 0 for & > 0, the rate of change of the

dh 1
: -5 dt
© JZ
f‘lo al
2‘\/ = —'mt + C

25 = -0+ C = C=2V5
2Wh = ———t+2J‘

h(t) = (—%t - \/§>

LAV dn
2: Cdt T dt

1 : answer with units

1: dih(-«m«/—) ﬁ

sl P 1
" ar 20Vh  dt
1 : answer with explanation

1 : separation of variables

=

: antiderivatives
4 : 4 1:constant of integration "
and uses initial condition
1: h(t)

Note: 0/4 if no separation of variables

Note: max 2/4 [1-1-0-0] if no constant
of integration



