¢ (minutes) 0 4 9 15 20
W(t) (degrees Fahrenheit) | 550 | 57.1 | 61.8 | 67.9 | 71.0

The temperature of water in a tub at time ¢ is modeled by a strictly increasing, twice-differentiable function W,
where W (t) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, beginning at time # = 0. Values of W (¢) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate /#’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.

20 20
(b) Use the data in the table to evaluate .[0 W'(t) di. Using correct units, interpret the meaning of '[0 w'(t) dt

in the context of this problem.

20
(c) For 0 <t < 20, the average temperature of the water in the tub is %.‘.0 W(t) dt. Use a left Riemann sum

20
with the four subintervals indicated by the data in the table to approximate ZLOJ.() W(t) dt. Does this

approximation overestimate or underestimate the average temperature of the water over these 20 minutes?
Explain your reasoning.

(d) For 20 <t < 25, the function W that models the water temperature has first derivative given by
W'(1) = 0.4t cos(0.06¢). Based on the model, what is the temperature of the water at time ¢ = 25 ?

@ w'(12)=~ W(lfs):;V(-‘?) _ 67.9;61.8 N

=1.017 (or 1.016)

The water temperature is increasing at a rate of approximately
1.017 °F per minute at time ¢ = 12 minutes.

{ 1 : estimate
1 : interpretation with units

20
(b) jo W'(t) dt = W(20) = W(0) = 71.0 - 55.0 = 16 ) { 1 : value
The water has warmed by 16 °F over the interval from ¢ = 0 to I tinterpretation with units
g t = 20 minutes.
I ] 20
i ©) ':zldjo W (1) dt ~ 2L0(4 W(0) +5-W(4) +6-W(9) +5-W(15)) 1 : left Riemann sum

I 1 3: < 1 : approximation
=%(4A55.0+5-57.1+6~61.8+5-67.9)

1

20
This approximation is an underestimate, because a left Riemann
sum is used and the function W is strictly increasing.

1 : underestimate with reason

1215.8 = 60.79

25
d) w(25)=71.0+ .[20 w'(t) dt 5. { 1 : integral
= 71.0 + 2.043155 = 73,043 I answer
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6

Let f be a function that is twice differentiable for all real numbers. The table above gives values of f for

selected points in the closed interval 2 < x < 13.

(a) Estimate f'(4). Show the work that leads to your answer.

13
(b) Evaluate J- 5 (3—5/"(x)) dx. Show the work that leads to your answer.

13
(¢) Use a left Riemann sum with subintervals indicated by the data in the table to approximate J.z f(x) dx.

Show the work that leads to your answer.

(d

Suppose /'(5) =3 and f”(x) < 0 for all x in the closed interval 5 < x < 8. Use the line tangent to

the graph of f'at x = 5 to show that f(7) < 4. Use the secant line for the graph of fon 5 < x <8 to

show that f(7) 2

FSTEN

@ say=L82I0)

O [, G-s5rd =], 35 r(x) v

=3(13-2)=-5(f(13) - f(2)) =8

[ 7Gxy de= 12)(3-2)+ 1(3)(5-3)
+ f(5)(8-=5)+ f(8)(13-8) =18

(c)

(d)

An equation for the tangent line is y = -2 + 3(x - 5).
Since f”(x) < 0 forall x in the interval 5 < x < 8, the

line tangent to the graph of y = f(x) at x = 5 lies above

the graph for all x in the interval 5 < x < 8.
Therefore, /(7)< -2+3-2=4.

An equation for the secant line is y = =2 + %(x -5).

Since f”(x) < 0 forall x in the interval 5 < x < 8, the
secant line connecting (5, f(5)) and (8, f(8)) lies below
the graph of y = f(x) for all x in the interval 5 < x < 8.

Therefore, f(7) > -2 + % 2= %

1 : answer

1 : uses Fundamental Theorem

(\S}

of Calculus
1 : answer

{

1 : tangent line
: shows f(7) <4
: secant line

1 : shows f(7) =

: left Riemann sum

[\

. answer

Y
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3) ! 0 12 | 20 | 24 | 40

(minutes)

(1)

(meters per minute)

0 200 | 240 | -220 | 150

Johanna jogs along a straight path. For 0 < ¢ < 40, Johanna’s velocity is given by a differentiable function v.
Selected values of v(¢), where ¢ is measured in minutes and v(¢) is measured in meters per minute, are given in
the table above.

(a) Use the data in the table to estimate the value of v'(16).

40
(b) Using correct units, explain the meaning of the definite integral -[0 |v(¢)| dt in the context of the problem.

Approximate the value of J':[)l v(1)| dt using a right Riemann sum with the four subintervals indicated in the
table.
(c) Bob is riding his bicycle along the same path. For 0 < ¢ <10, Bob’s velocity is modeled by
B(t) = £ = 6t + 300, where ¢ is measured in minutes and B(t) is measured in meters per minute.
Find Bob’s acceleration at time ¢ = 5.

(d) Based on the model B from part (c), find Bob’s average velocity during the interval 0 < ¢ < 10.

V(16) ~ &—% 5 meters/min” 1 : approximation
40
(b) Io |v(¢)| dt is the total distance Johanna jogs, in meters, over the 1 : explanation
time interval 0 <7 < 40 minutes. 31 1:right Riemann sum

1 : approximation
40

fo [v(2)] dt ~ 12 [v(12)] + 8-|v(20)] + 4-|v(24)| + 16 - |v(40))|

=12-200+8-240 +4-220 +16-150 !

= 2400 + 1920 + 880 + 2400
= 7600 meters

(¢) Bob’s acceleration is B'(1) = 3t* — 121. 5. { 1 :uses B'(1)
B'(5) = 3(25) —12(5) = 15 meters/min® I answer
(d) Avgvel LO J. £ —6t* + 300) dt 1 : integral
10 3:3 1:antiderivative
- LO[_ - 34 4 300{] 1 : answer
0
= LO[M ~ 2000 + 3000} = 350 meters/min




%)

1 : estimate

(a) H'(6)~

H(7)-H(5) 11-6 5
7-5 - 2 2 2~{

| : interpretation with units

H'(6) is the rate at which the height of the tree is changing, in meters
per year, at time ¢ = 6 years.
H(5)-H3) 6-2 CH(5)-H(3)
B —S—— =5 =2 R e
1 : conclusion using
Because H is differentiable on 3 <¢ <5, H is continuouson 3 <z < 5. Mean Value Theorem

By the Mean Value Theorem, there exists a value ¢, 3 < ¢ < 5, such that
H'(c) = 2.

(c) The average height of the tree over the time interval 2 <7 < 10 is given 5. { 1 : trapezoidal sum

1 10 1 : approximation
10-2 ...2 H(1) dt.

by

] (10 1(1L5+2 . 246 . 6+11 ,  11+15
§LH(r)dz~§( g L Sl S g -3)
1 263
= 5(65.75)= 3=

The average height of the tree over the time interval 2 <t <10 is

263 meters
32 '

(d) G(x)=50 = x=1 | 3:{2:%@@))

(1+ x)100 — 100x -1 4 ek
d d d +x)100-100x-1 g 100 dx
4 (00D = (6 = =

(I+x) Lo (I+x) Note: max 1/3 [1-0] if

no chain rule

100 go3-3

(1+ 1)2 4

d
2 (G(x) T

According to the model, the rate of change of the height of the tree with

respect to time when the tree is 50 meters tall is % meter per year.




