BC Calculus

Unit 10 Packet
Infinite Series
(Part 1)

Tests for Convergence

(n™ term test, Geometric series test, p-series, Integral test,
Direct & Limit Comparison tests, Ratio test, & Root test)




BC Calculus —10.1 Notes — Convergent & Divergent Infinite Series

Receall: Writing terms of a sequence.
@, = {1+ (~2)"}

-1,5,~7,17,~31

Sequence: A collection of numbers that are in one-to-one correspondence with positive
integers.

) 4 26 80 242
6 24 120
- MonotonicSequences | - Bounded Sequences
~_never decreases or never increases. L e e
GQEUWSG s Sy @y < M (upper bound / above)
or a, 2 N (lower bound / below)
G20 203 = 20, {a,} bounded if both are true
Infinite Series:

w0
Z%%ﬁg%ﬁg%ﬁg%“”{”ﬁg

nzl

Partial Sum:
Sp=apdaztagtota,

a, vs Sy
a, is an expression that gives the

Sy 15 an expression that gives the

1. Use the following sequence 2,4, 6,8, 10 to find a4 and §,.




E:anve**gent and Divergent Series A
<23
For the infinite series Z ay, the n™ partial sum is $y, = @y + @z + az + -+ a,,.
nwi [
If the sequence of the partial sum {S,,} to S, then the series z @y The
limit § is called the sum of the series. n=1
\Eikfzwisa, it {Sy} then the series Y

fecs
2. Does the series converge or diverge? Z 3
2?1

nzi

3. Use a calculator to find the partial sum S,, of the series nggzma for n = 200, 1000.

nsl

%
4. Does the series converge or diverge? z n

nzl

10.1 Convergent and Divergent Infinite Series
Calculus

Practice

“r
. Given the infinite series 2(»%1}’1 find the sequence of partial sums 8§y, 55, S, 54, and Ss.

=l




i

2. Find the sequence of partial sums Sy, Sy, 83, S, and S for the infinite series 1 %é 4 ?‘{ ot 1

1
g*i«m%* .

o

3. Ifthe infinite series Z a® has nth partial sum §,, = (=1)"*1 for n 2 1, what is the sum of the series?
n=i

@
4. The infinite series z a" has nth partial sum S, == ;ﬁj; forn 2 1. What is the sum of the series?
nel '

%
%

6
5. Use a calculator to find the partial sum §,, of the series Z T forn = 100,500, 1000,

Azl

~ 6. Show that the sequence with the given nth term @, = 1 + 2n is monotonic.

%
7. What is the nth partial sum of the infinite series z% ?
n=l

®



o
8. Which of the following could be the nth partial sum for the infinite series Z 3%;;?

nzl
Wa=i+)  @ssioE)  ©ssi-3)  ossii-d

o

9. Ifthe infinite series Z @, is convergent and has a sum of gi which of the following could be the nth partial
sum? =

. THEL ; )
(A) Sp = #ntel (B) Sy = Brdl
71 1 {71 1
© Sn=2{5~73 XQ} ) Sy =5~ ﬂ%ﬁ)

10. Which of the following sequences with the given nth term is bounded and monotonic?

, ; e = 20 , o 051
(A) ap =2+ (~1)" (B) a, = ;W? (©) ay =— (D) ay ===




10.1 AP Practice Problems (p.721) - Sequences

1. The general term a,, for the sequence
o L4 916
J, 23 3? 41”’%‘“‘;‘” 15
(A) — (B) (4}&%
(n—1)2 zﬁ
©€) ()M D) (~1yr-l_
" ®) (-1 —

H
2. Which sequence is defined by {by) = { (m %) (n — 3)}?

3. The sequence {a,} = { §§%””f} can be described as

(A) increasing and bounded,
(B) decreasing and bounded.
(C) increasing and not bounded.
(D) decreasing and not bounded.




4. For what values of x does the sequence {3x"} converge?

A) -l<x=<l @B -l<xx«l
(C) -3 <x<3 (D) The sequence diverges.

: sinn
5. Determine whether the sequence w;;w} converges or

diverges, Justify your answer.




BC Calculus —10.2 Notes — Geometric Series

| Recall: Whatis a geometric sequence?
A geometric sequence is one in which the same number is to each term to get the next
term in the sequence. The number you multiply by is called the usually denoted by

{ 1 Term of a Geometric Sequence

{ The nth term of a geometric sequence with first term @, and common ratio 7 is given by:

ay = or @y = or a, =

1. 3,6,12,24,48, ...

o y=aert | ay=ar™t | gy =aat?

Uy = n = Qn =

1 1
2. 25,5, igg,;gg vs

Gy=apr? | ay=artt | g mg™?
Gy = {y, 2= =
2]
Z ar® =
n=i
a#0
Geometric Infinite Series Convergence
A geometric series with ratio r diverges when It then the series converges to
o2
ar’ =
n=k

Where is the first ferm of the serfes,

"\

awl il




3. For what value of r does the in{inite series

Z 17r" equal 237

2]

4. Calcnlator active, If f(x) = Z (sir? G,;:))i then f(7) =

n=3

10.2 Practice problems:

| Find the value of each infinite series.

o
7 -
I o 2. e
; (-3 =0 3"
3, z e™ Let x be a real number, with x < 0. 4. z (}E)
e

a=l




o

n=1

3n+1

7. i(—n"
n=0

b/
enti

S
il
=]

n

9. What is the sum of the infinite series
25+ —5+ 1+ —z4o oo

10. Calculator active. If f(x) =

f@) =

2 (sin? 2x)™, then
n=1




11. For what value of a does the infinite series o
N 12. Consider the geometric seriesz a, where a,, > 0.
Sl -u -
3 n=1
m=0 The first term of the series a, = 24, and the third

term az = 6. What are possible values for a,?

o 14. Use a geometric series to write 0.2 as the ratio of
13. Consider the seriesz a,. Ifa; =32 and two integers.
n=1

oo

% = ifor all integers n = 1, then Z ay, =

n
n=1

Test Prep

10.2 Working with Geometric Series

8
®

n+1
15. If x and y are positive real numbers, which of the following conditions guarantees the infinite series Z i
is geometric and converges? =Y

(A) x<y : (B) x<y? ©) x>y* D) x>y




16. The figure to the right shows a portion of the graph of the
differentiable function g. Let h be the function defined by

h(x) = [ 4x g(t) dt. The areas of the regions bounded by the x-

axis and the graph of g on the intervals, [0,2], [2,4], [4,8] and
[8,11] are 6,4, 24, and 19, respectively.

a. Must there exist a value of ¢, for 2 < ¢ < 4, such that
h(c) = 3.5? Justify your answer.

61

Graph of g

(6,9)

(11,13)

(31 _3)

b. Find the average value of g over the interval, 0 < x < 11. Show the computations that lead to your

answer.

h(x)-3x

. EBvaluate lim .
¢ © X8 X%—64

d. Is there a value r such that the series 30 4 307 + 3072 + -«- + 307™ equals the value of g(6)?




,

— 10.2 AP Practice Problems (p.734) — Infinite Series & Tests for Convergence (Geometric Series Test)

_ e 1
1. Find the sum of the series :
;;;; &+ 1)k +2)

, if it exists.

A1 B2 © % (D) The series diverges.

0 7
2; %"é"‘m

(A) converges and equals %

(B) converges and equals 3?

(C) converges and equals «»2»}»

2
(D) diverges.

3. The repeating decimal 0,1212.. . can be expressed as the
fraction
4 3 4
A 33 B) 75 (&) 55 D)

03
250

4, Which of the following series diverge?
& k1 & 3 1
I-i 2 II» o s }:I}; ol
2 (V2) PO 23
(A) Tand I only (B) Iand I only
(C) DandXlonly (D) LI and I




o0 7?:%-2

5, Determine whether the series 3 QT converges or diverges,

ka1
If it converges, find its sum.

1
(A) converges and equals =

1
(B) converges and equals 5%

1
(C) converges and equals 3

(D) The series diverges.

6. An object hanging on a spring is pulled downward a distance
of 100 cm from its equilibrium position (the origin) and released.

It recoils upward past the origin to a height 90 cm above the
origin. It continues to oscillate up and down about the origin,

. .9 ,
but with each oscillation the spring travels only o of the Jast

distance traveled.
(a) Write an infinite series that models the object’s movement.
(b) Find the sum of the infinite series.

(¢) Interpret the sum of the infinite series in the context of the
problem,




BC Calculus —10.3 Notes — nth term, p-series, and Integral Test

o
Zaﬁ =y ok ay ok dg bk
nwl
o« B
If Z a, converges, then 515‘; a, = If };rg a, = 0, then Z a,
nwi n=l

Nth Term Test for Divergence ( jo. 36“) h
If lim a, # 0, then
200
. J
| Use the Nth term test to make a conclusion about divergence for each series. |
] %
3nt 41 A2
R gy 2. Zg(ﬁ)
n=i A=l
% 3
1 I 2?14»2
3 Z n 4. Z G ]
izl il
-3
é’iﬂ
5. T

izl




{Integral Test for Convergence

and

116 fisa positive, continuous, and decreasing function for x 2 k, and a,, = f(x), then

N

| Determine the convergence or divergence of the series

0

LS

nuZ

1
ninn

2.

o

1
n?
Bzl




., , 1 1 1
Let p be a positive constant of the series Z TBET + 5 + 3 L

fiioy

The series converges if

The series diverges if

| D-Series g )

, . . A
| Harmonic Series
/
| Do the following series converge or diverge?
@ o
1 1
1 s 2. e
3
?’i%lﬁ ﬁaixfg
| For what values of k will the series converge? .
@w ' had , o
O § 1 il
3. - 4, —— 5. .
;% nik-§ ; n(n**) ;1 ntk 45
4 Things we should now recognize A
Series Tests for convergence/divergence
¢ Geometric ¢ Nth Term Test for Divergence
¢ Harmonic ¢ Integral Test
. °* p-Series

J/




10.3 The nth Term Test for Divergence ( m-?:&)

Calculus

(1%

reasonmg behind your answer.

For each of the following serles, determine the convergence or dlvergence of the glven serles State the

3—2n
5n+1

n=1

n
5 ZZLl
7n+1

n=1




10.3 The nth Term Test for Divergence ( IO..'S@ Test Prep

7. The nth-Term Test can be used to determine divergence for which of the following series?

< - 3 3+ 1
L > sinzn moy (2+2) m. Y 5
n=1 n=1 n=1
(A) I only (B) III only (C) TandIl only (D) L1, and III

8. The nth-Term Test can be used to determine divergence for which of the following series?

2 om—1 4 3 — 2n2 - (5>"
3 —_
LY m (=) moy I, Z ;
n=1 n=1 . n=1

(A) IIonly - (B) IIand I only (C) TandII only D) LII, and II

9. Ifa, = cos (%) forn = 1,2,3, ..., which of the following about Z a, must be true?

n=1

(A) The series converges and 7111-13010 a, =0. (B) The series diverges and Al_r& a, =0

(C) The series diverges and Tlll_glo a, #0 (D) The series converges and 7{H{.lo a, #0




(03 Integral Test for Convergence
Calculus

| If the Integral Test applies, use it to determine whether the series converges or diverges.

o0
n
1. on
n=1

2. if(n) =1+
n=1

Ly
4

Ll
9" 16

ey M

c 11
3, ;f(n) = LhsHzHg+e

.3

n=1

1

T

—sin—

n




1030
N > inzr—tl-l

1

=
Il

k~1
Zm , where k is a positive integer. Assume
n=
the series meets the criteria for the Integral Test.

7. Let f be a positive, continuous, and decreasing function. If [ 1°° f(x) dx = 4, which of the following statements

2]
about the series Z f(n) must be true?

n=1

A. if(n) =0
n=1

C. Z f(n) converges, and Z fin) <4
n=1 n=1

B. Z f(n) converges, and z f(n)>4
n=1 n=1

D. nZl f(n) diverges, and ; f(n)=0

o

8. Explain why the Integral Test does not apply for the series Z e*sinx,

9. Show that the series Z tan

x2

x=1

-1

x=1

T f meets the criteria to apply the Integral Test for convergence.




10. Let f be positive, continuous, and decreasing on [1, ), such that a,, = f(n). If Z a, = 7, which of the I
following must be true? n=1

A. lim a, =7 B. [ f(x)dx=7
C. floo f(x) dx diverges D. | 100 f(x) dx converges
. : . . , - n 3
11. Which of the following can be used to determine the convergence or divergence of the series Z —7
. . . n+4
I. Properties of Geometric Series n=1

II. nth-Term Test
II. Integral Test

A. Tonly B. II only C. I only

D. II and III only E. L1II, and I

1
12. Which of the following can be used to determine the convergence or divergence of the series -2—n?
I. Properties of Geometric Series =1
II. nth-Term Test

III. Integral Test

A. Tonly B. IIonly C. III only

D. Tand Il only E. IandIII only

10.3b Integral Test for Convergence Test Prep

13. Consider the infinite series Z g The integral test can be used to determine convergence or divergence of the
n=1
series because f(x) = x—13 is positive, continuous, and decreasing on [1, ). Which of the following is true?

A "1 NERAE fwld <i1<1+fm1dx
1+f1 Fdx< F<f1 Fdx B. s X 3 s
n=1 n=1
1 (™1 © q © 1 © q 1
C. —3<f —§dx<1+f —3dx D. f ‘—de<1+f —;dx<z—-§
nzln 1 X 1 X 1 X 1 X n=1n




@

103 Harmonic Series and p-series
Calculus

l Determine the convergence or divergence of the following p-series.

1
2' z n0.13

n=1 n=1

o
3=

=2
il
_

| What are all the values of p for which...

o 2n o1
— di ?
4. Z ) converges? 5. Z 57 diverges?
n=1 n=1
. o« <« p n ©
6. Both ser1esz n~*" and z (E) converge? 7. f Ty dx converges?
=1 n=1 1
| Find thé positive values of p for which thé infinite series converge? | .

n

Y

n=1

- n
9. nZl I P

3
il
fary




#0.3¢ Harmonic Series and p-series

11. Which of the following infinite series converge?

L e
LY > ()
n=1 n=1
A. None B. Il only
D. Iand Il only E. Il and III only

T, ;%

C. Il only

‘

12, Which of the following infinite series converge?

I. Zs-n L. Z(B_n—lkT)?'
n=1 n=1

A. Tonly B. IIonly

D. TandII only E. Tand Il only

- 1

II. =
2.7
C. I only

13. Which of the following infinite series is a divergent p-series?

>
s
e
S—’
&
s
:I
N[
O
s
3I
N[

b
i}
g
3
it
fay
3
H
ey

NgE

=
i}
put

[SIE]




“Cﬁ R

~ 14. Which of the following is not a p-series?

>
Ngk

3l

w
e
3=

O
N
=

@]
Ngk
I[m

3
1I
[y
3
11
uy
3
1l
g
=
1}
at

15. Which of the following is a harmonic series?

1000

D i 3n?
) n2 +1
n=1

>
s
[F8]
:]"‘

w
s
BRI

®
M
31

3
]
iy
=
[}
fut

n=1

16. Find the positive values of k for which the series

converges.

= 1
nZB (nInn)(n(lnn))*




1. For what numbers p does the series g;; P converge?

2. Which of the following series diverge?

o0 1. o

kel kz=l
(A) Iand Ionly (B) Tand Il only

(C) MandMonly (D) LI and Il

o)
3. For what values of p does the series Y , k? converge?
k=l

A) ~l<p<l @) p<~1
© p>1 (D) The series diverges.

oo sk—1 _ gk-1

kel

1 16 49 34
A) 3 ® =z ©5 O

1
® p>1 @ lpl>1 © p>3 @) p>

e ay 1 10
1. Z% § 8 ;ﬁﬁs (ff”%‘“g) 111 Z*};

10.3 AP Practice Problems (p. 746) - Tests for Convergence (nth term, p-series, Integral Test) |




‘ 9
| 5 Determine whether the series Z I e CONVEIEES o diverges, If

it converges, find bounds for the sum of the series.

. w . |
(A) Converges; 5 < g: ?375 <3

(B) Converges; 2 < 2 “”%‘fi <3

©) {;‘ﬂaverges; 4 < ;25;;’;% <6

(D) The series diverges.

6. (a) Given the infinite series Z *——};»« find a function f with the
k=3

property that f (k) = ax for all positive integers k =3,
(b) Show that f is continuous, p{}sxt;ve, and dﬁﬂr%s;sg on the
interval [3, 00).

Ink
(¢) Determine whether the series Z ~~ converges or
k=3 7

diverges.

e e Py

7, (2) Show that the infinite series Z 9 k3 converges.
kwi

Q (b) Find bounds for the sum of the series Z !
& T+ ok




BC Calculus — 10.4 Notes — Comparison Tests for Convergence

Comparison Test
Let0 < a, £b, foralln.
f2 3

If Z}}“ converges, then Zﬁn

nel nui
“ o

' If Z a, diverges, then Zfzﬂ
nml nml

| Determine if the following series converge or diverge.

-1 g

Limit Comparison Test
Ifa, >0, b, > 0and lim %‘3 = [, (where L is finite and positive), then

s Uy
o w0
zii%;and :Z:bn

nal n=l




9\

| Determine if the following series converge or diverge.

E

4 N 2nt-2 5 i 1

' 5n% ¢ 3n+ 1 " LaSnEi+5n 45
fi=l azl

6 i 1 1 i n# e
L3042 Lot 20° 0 0okl

8 i n3" g i n

* 3 x Rcisssrsomssomssmirsossind
ey dn® +2 Laintin




0.4 Comparison Tests for Convergence

Calculus

. . o 1
1. Which of the following statements about convergence of the series Z eF)
n=1

(A)

(B)

(©

(D)

Z '{'
n=1

In(n +2)

DM FDs

1ln(n +2)

=
1l

converges by comparison with

=3
1
=

converges by comparison with
1

3
1}

. e 1
diverges by comparison with Z —
L3

. N O b
diverges by comparison with Z -
n=1

b|48 :[)\ﬂ\za

)

is true?

2. Which of the following series converges?

(B)

(D)

o0

n=1

. . . 1 .
3. Use the Comparison Test to determine whether the series Z STEn converges or diverges.

+5




" 4. Which of the following series can be used with the Limit Comparison Test to determine convergence of the
(o]

ot n3 f)
seties )~ =
n=1
) B ).
Y ® 3
n=1 n=1
o 1 o 1
© = ©
n n
n=1 n=1
5. Consider the seriesz a, and ) b,,wherea, >0and b, > 0forn=>1. If z a, diverges which of the
n=1 n=1 n=1

following must be true?

(A) Ifa, < by, then z b,, converges. B) Ifa, <b,, thenz b, diverges.
n=1 n=1
(C©) [Ifb, < ay, then z b, converges. (D) 1Ifb, <a,,then Z b, diverges.
n=1 n=1
6. Consider the seriesz a, and ) b,,wherea, > 0andb, > 0forn>1. If Z b, converges which of the
n=1 n=1 n=1

following must be true?

(A) Ifa, < by, then z a,, diverges. B) Ifa, <b,, thenz a, converges.
n=1 n=1
(C) 1Ifb, < ay,,then z a, diverges. (D) Ifb, <ay,,then Z a, converges.

n=1 n=1



7. Leta > 0,b > 0, and ¢ > 0. Determine whether the series Z

(o]
8. Determine the convergence or divergence of the series 2
n=2

[oe]

n=0

1
6"+ 6"

an®+bn+c

converges or diverges.

[e0] 3n
9. For the series z ZZTZ , which of the following could be used with the Limit Comparison Test?

n=1

w Y
n=1
©) i%

1

=
1l

3
1l
=y




11. Which of the following series diverge?

oo 3 [ce} 1 (o] 1
I Z Vn II. 2 . z
n Lind 27 4+ 1

n=1 n=1
(A) Tonly (B) Monly
(C) TandII only (D) L1II, and III

oo

12. Consider the series z

n=2

Py where p = 0. For what values of p is the series convergent?

00

13. Determine whether the series z n

n=1

— converges or diverges.
n

. . 1 1 1
14. Consider the serles1+g+;+ﬁ+--~ —214”_3.
n=

SE!
Use the Limit Comparison Test with the series z P
n=1

to determine the convergence of the series.




[0.4 Comparison Tests for Convergence Test Prep

15. Consider the series Z a, and Z b, where a, > 0 and b, > 0 forn = 1. If a,, < b, , then which of
n=1 n=1
the following must be true?

A If z a, converges, then Z b, diverges.

n=1 n=1

o]

B) If

INgE

a, converges, then z b,, converges.

n=1 n=1

<y If Z a, diverges, then Z b,, diverges.
n=1 =

n=1

(D) If Z a, diverges, then Z b,, converges.
na==1 n=1

o0

16. Consider the seriesz a, and ) b,,wherea, > 0and b, > 0forn =1, If %1_{20 Z—” = 2, then which of the
n=1 n=1 "

following must be true?

I. If Z a, converges, then z b,, diverges.
n=1 n=1

. If Z a,, diverges, then Z b, converges.
n=1 n=1

0 (o]
m. If Z a, converges, then Z b, converges.

n=1 n=1
o] o0}
Iv. If z a, diverges, thenz b,, diverges.
n=1 n=1 .
(A) TIonly (B) II only (C) I only

(D) IV only (E) IandII only (F) HIand IV only

N

3




10.4 AP Practice Problems (p.754) — Direct Comparison Test & Limit Comparison Test

1. Which of the following series converge?

% 2k & K+ 37k
L k=l 3{‘31’ IL. Z 2;53 +1 1. gm:i 25
(A) Ionly (B) Il only

(C) TandTonly (D) Uand IJonly

2. Which of the following series diverge?

& Tk -5 o k2 &, k+3
L ;‘% k3 1. ;12@%”} L. 2;;(&%3)2*%»1
(A) only (B) Ilonly

(C) Tandlonly (D) I and Il only




sin k -
converges or

o0
3, Determine whether the series g; )

+ 2k + 1

diverges. Be sure to show your work.

2

o

o0
4. Determine whether the series T3 converges or

kel

diverges. Be sure to show your work.




BC Calculus —10.5 Notes — Alternating Series Test & Absolute Convergence

Aiternatmg Series Test )
If a,, > 0, then the alternating series Z(wi)“aﬁ and Z(mlj’”‘*a,z converge if

“ HES)
BOTH of the following conditions aré “met:
I
2.
J
Ways to check if a,, is decreasing,
»  Take the 1" derivative and see if it is negative,
+  Usually, it is obvious,
+  Could manipulate a,.4 < a,
[ i}eiefmme if the following series converge or éwﬁrge, el
n+s
) ) ﬁm e S B m——
; ;( ) n 2 z{ b (n+2)(n+3)
3 3 (S B Gl ) w7 4 i cos(nn) !
‘ ; - - 2 =

5. The following is not an alternating series. Look carefully to see if you can tell why not.

S (1) cos(ntin
n* 41

A=l




Absolute or Conditional Convergence Notes:

o

o Fit-%3 €

1. Converges Absolutely, If Z{aﬁ; converges, then the original sefiesz a, also

converges, e w

o o

2. Converges Conditionally, It Zia,,i diverges, but the original series z ay
converges, ] ]
o

“
3. Divergent. Both ) la,] and ) a, diverge.
4 n

Three possibilities with regards to the series z ay dealing with convergence or divergence.

ezl nzl ‘32

| Find if the series converges absolutely, converges conditionally, or is divergent,

1. z {:z}” 2 )

{,,,,,1)1?&“1
Vn

o
3 Ziml)ﬁ}w«z

nzi

| Find the values of x that make the series converge absolutely.

n=g nwl




- Write your questions 5, The following is not an alternating series. Look carefully to see if you can tell why not.

and thoughts herel: -
inid *®
(—D"cos(nm)n
n2+1

n=1

0.5 i i i
0.5 Alternating Series Test Practice
Calculus

o (—1)™(n + 1)

1. Explain why the Alternating Series Test does not apply to the series

2. The Alternating Series Test can be used to show convergence of which of the following alternating series?

A. Tonly B. I only C. Ionly

D. IandII only E. L II, and IIT

3. Which of the following series converge?




(3

| Use the Alternating Series Test to show the series are convergent.

v Feom . Y0 (3)

(e o)

13

6. Calculator active, Which of the following statements are true about the series 2 a,, where a, = (—(1)_%\/%

I. The series is alternating, =2

II. |ap4q| £ |ay| forn = 2.

1. lima, =0

n—oo
A. Tonly B. TandII only C. IandIII only D. I, II, and I
7. Calculator active. Which of the following statements about the seriesZ(—l)"“an, where a,, = 2:25” is
true? n=i

A. The series converges by the Alternating Series Test
B. The Alternating Series Test cannot be used because the series is not alternating.

C. The Alternating Series Test cannot be used because rllim a, # 0.
->00

D. The Alternating Series Test cannot be used because the terms of a,, are not decreasing.




8. The Alternating Series Test can be used to show convergence for which of the following series?

23,4 5,6 . _ 0™ (n+1)
A'1 >tz ts , Where a,, = m .
2 1 1,2 1
B ___+__E+§_§+.__Z+

n=1
- (=)™ In(n?)
- (=)™
C. Z n—3
n=4
o (—1)"
D. nZl =

—1 n .
( ') 1s true?

10. Which of the following statements about the series z -
n=1

A. The series diverges by comparison to %

. . 1
B. The series converges by comparison to o

C. The series diverges by the Alternating Series Test.

D. The series converges by the Alternating Series Test.




[ee] _ n !
11. Which of the following statements are true about the series M ?

I.  The series is alternating. n=1 (!
I |apeql < lay| forn = 1.
Il lim a, =0
n->o0
A. Tonly B. TandII only C. Tand Il only D. LII, and III

12. The Alternating Series Test can be used to show convergence for which of the following series?

Ly
n=1

- (—D)™sinn
P
n=1

{0.5 Alternating Series Test

[ee]

1 1 1 1 1 1
1. ( - + _ + _ + )
S\V24+1 V2-1 V3+1 V3-1 VA+1 Va-1
A. Tonly B. IandII only C. II and III only D. LII, and III

converges, which of the following must be true?

- (—1)"
13, IfnZ1 -

A. T%i_)rgoan = 0and a,.1 = a, > 0forn > 1.

B. lima,=wanda < a, forn = 1.
froo n n+1 n

C. 711_{130 a, =0and ap,.q < a, forn > 1.

D. lima, =canda,.; = a, > 0forn = 1.

n-—eo




I
!

14. For what value of k > 0 will both Z
n=1

(1
n

and Z (g)n diverge?




houghts here

%iﬁ;

n=1

I0.5 Absolute or Conditional Convergence
Calculus

 Write your questions l Find the values of x that make the series converge absolutely.

o (=1 n(x + 4)" | > (x — 1"
4. nZl 6n 5. Z-——n

1. Which of the following series are conditionally convergent?

. Zc—;})n - Z(—i)"

A. Tonly B. TandII only C. Tand III only

o (—1)"
I ; -

D. IIand I only




QDetermine whether the series converges absolutely, converges conditionally, or diverges.

2.

- (1) (n? + 8)

< cos(nm)
3, z -

n=1

6. For which values x is the series E —_—
4 4n(n2
n=

o (_1)nn2
] (n +1)2

conditionally convergent?
ey Y g

C. x>4

D.

-4 <x <4




(_ 1)n+1
ni/3

o]
7. Which of the following statements is true about the series Z
n=1
A. The series converges conditionally.
B. The series converges absolutely.
C. The series converges but neither conditionally nor absolutely.

D. The series diverges.

o (—1)n

a7 is true?
n

8. Which of the following statements about the series

n=1

A. The series converges conditionally,
B. The series converges absolutely.
C. The series converges but neither conditionally nor absolutely.

D. The series diverges.

® 1y
9. Which of the following statements about the series Z (_1);1_111_11 is true?
n=1
I. Converges Absolutely II. Diverges
A. Tonly B. Il only C. III only

III. Converges Conditionally

D. TandIII only

had n
10. For what values of x is the series z n(x7+5) absolutely convergent?

n=1

A x=-12 B. x=2 C. x>2

No test prep for this lesson.

D.

—-12<x<?2




10.5 AP Practice Problems (p.765) — Alternating Series Test & Absolute Convergence

L wm{;h of the f:}llﬁwmg series converge?

LS 1L

fee}

o, 5\
N INCY (g)

{:wi

1. Z(«w bh—= -
kezl '

() Tonly (B) Xand Xl only
(C) TandIIonly (D) I, 11, and III

~1)*
2, The alternating series Z W converges. What is
k=1 10¢

the maximum error incurred by using the first three nonzero
terms to approximate the sum of the series?

A) ~0.083  (B) 0.003 (C) 0.0004 (D) 0.0826

—1)
3. What is the fewest number of terms of the series E ( k;)
kel

that must be added to approximate the sum so that the error
is less than or equal to 0.0017?

A) 7 ®B) 9 ) 10 D) 11




4. Which of the following series converge conditionally, but not
absolutely?

= 3
I Z(mz}ff%g

ko=l

o 1\ 43
1L Z{%z)%i (};)

k)
o0 3 k
UL Y -k (};)
k) ‘

(A) Yonly (B) Iand I only
(C) Yand Il only (D) LIL and 111

o0 '{'W 1}%

S. (a) Write out the first five terms of the series 5 —
k=0 :
| | LR (-1 ,
(b) Show the series ;g;% T converges.

% (¢) How many terms of the series are necessary to approximate
~ the sum § with an error less than or equal to 0.0001?

, ‘ 00 2k
6. Determine whether the series Z: Q{}Z(;c ) converges absolutely,

kel
converges conditionally, or diverges. Show your work.




BC Calculus — 10.6 Notes — Ratio Test and Root Test

Recall:

(n+1)
ni

-
e

Ratio Test for Convergence
e
If Z a, has positive terms and...

n=1

s dnet
* lim
3208 {Zn

< 1, then the series

. a .
e lim -2 > 1, then the series
-0 Un

p a
e lim ~** =1, then
-0 Oy

Let's look at two series we already know,

| Using the Ratio Test to find convergence or divergence,

. 5n © Lanl
nzl n=l
o
5 (Eﬂ}!
. 33

n=1




The final test to determine convergence or divergence Is the root test. The root test is especially well suited
to solve series involving n™ powers.

Root Test
Let Sa, be a series.

1) $a, converges absolutely if lim/|a, | <1
2) San diverges if limzfa, | >1 or limifa, |=co :

3) The Root Test is inconclusive if lim 4/} a, | =1

bz e de]

Example: Using the Root Test

& -3n Y
7
);(Znﬂ)

o 5

n=] (nn )2




. Write your questions 5. Z (Zn)!

. and thoughts here! ..

(55 = S

|0.6 Ratio Test

Practice
Calculus 4 4

| Determine whether the following series converges or diverges. e |

o (n+ 13" o 7l
L z n! 2. Zs_n
n=1 n=1

3. Vyohat are values of x > 0 for which the series 4, What are all positive values of p for which the
ne" . n?
Z —— converges? series Z — will converge?
xn n
n=1 n=1

A p>0B. 0<px7

C. p > 1D. There are no positive
values where the
series will converge.




5. Which of the following series converge?

- 7" nl T[—Zn
- mo) m Y=
n=1 h=1 n=1
A. Tonly B. Iand II only C. IIT only D. I and IIT only E. L1I, and III

. If the Ratio Test is applied to the series Z 1—;, which of the following inequalities results, implying that the
series converges? n=1

15" (et im (DT

A lim ™ <1 B. lim X <1 C. lim <1 D. lim

n—co 15™ n—ooco NI nooco 15nt1 nooco 151

~

If a,, > 0 for all n and 7Prrolo 9;—“ = 6, which of the following series converges?
= n

o (an)?

D. az

>
D1s

£

@
g
§J§

@]
[
38

S
]
-
P~
1]
[y

n=1 n=1

(Lt




. ol . . . . . o .
8. Consider the serlesz T If the Ratio Test is applied to the series, which of the following inequalities results,
n=1
implying the series diverges?

A limZ<t B. lim Z>1 C. lim®l<1 D. lim22%>1
n—oo 37 n—oo 3" n-c 3 n—-oo 3
9. For which of the series is the Ratio Test inconclusive?
Lo} 1 [oe] ,\/E o en
1. z I II. z ——l I11. o}
n=1 n=1 n=1
A. Tonly B. II only C. Tand IIT only D. Tand II only E. L II, and III
10. Apply any appropriate test to determine which of the following series diverges.
i n - n! i n+1
L Jionz+1 IL. on 1L an+1
n=1 n=1 n=1

A. Tonly B. II only C. Il only D. Tand IT only E. I II, and III




Match the test for convergence of an infinite series with the conditions of convergence.

11.

12,

Convergence Test

nth-Term Test

13.

14.

15.

1.

17.

18.

Geometric Series
p-series

Alternating Series Test
Integral Test

Ratio Test
Comparison Test

Limit Comparison Test

Condition of convergence

A p>1

B. lim 2 <1

n—oo Qg

C. 0<a,<byand Z b, converges

n=1 ¢

D. lim % =L > 0and Z b, converges
n=1

n—0o0 Un
E. |rl<1
F. Inconclusive for convergence

G. |aps1l € lay| and Tlll_r)lgo a, =0

H. fl00 f(x) dx converges.

[0.6 Ratio Test

19. If the Ratio Test is applied to the series Z CEEE which of the following limits results, implying that the
series converges? n=1 '

A. lim

L B.

n—oo (n+1)!

.7 . (D! . n4+2
lim — . D. lim —
n-—oo N+2 C 71}.15120 n—co 7

o]
. . . . n"
20. Use the Ratio Test to determine the convergence or divergence of the series Z —.
n:

n=1




10.6 AP Practice Problems (p. 772) — Ratio Test & Root Test

1. Which <3f the fgllawmg series converge?

L Z (3k+ !

(A) Tonly (B) M only
(¢) TandIlonly (D) Iland I only

2. For which of the following series does the Ratio Test

provide no information?
Lo ¢ oo oo j
(=DkVE Z 1 Z k? -+ 3k
I‘ BRI AN ARSI II* WWW ;gﬁ
P k+1 P kink pr k+1
(A) lonly (B) Il only

(C) Iandonly (D) L1, and 11




3. Which of the following series diverge?
o0 kt
I e
< 100%
k%i

1. ngg

kml

T, Z@»«H

kel
(A) Ionly (B) Iand I only
(C) IandIonly (D) I,1II, and IIT

ok

4. Determine whether }: T converges or dzvefges

ke=l
Show your work.

»

- 5. Show that for any p-series 2 5+ P > 0, the Ratio Test

k=1k
provides no information about whether the series
converges or diverges,




!

56

"BC Calculus — 10.7 Notes — Summary of Convergence Tests

TABLE 5 Tests for Convergence and Divergence of Series

Test Name Description Comment

1 e P . " s
:‘;efh Term Test for Z: g divergesif Y ap o 0. Ny mfermatiffﬂ ;‘sabtamed about
Divergence for all et n-t60 convergence ;fég% tiy =2 0.
series {p, 725)

Integral Test for series

L)
2 ay, converges (diverges) if [{° f(2) dw

Good to useif fis sasyto integrate.

of positive terms (p. e
138 converges (diverges), where fis continuous,
positive, and nonincreasing for 2 2 1; and
F{R) == qg foralt k.
Comparison Testfor <& . En must have positive terms
P ) : Z: ay, converges if0 < ae S by and the 2: by sthave pos
Convergence forseries  $7f |
of positive terms . & and be convergent,
P (e. sene&az by, converges. dbec &
41 1
omparison Test for Gz . . . S must have positive terms
f:, P ) }; o diverges ifag 2 ¢ > 0 and the series 2 o po
Divergence forseries {7 i
of positive terms (p, &, . nd be divergent,

P (e Z g diverges, andbe diverg
147 pouse|
Limit Comparison G . o & musthave positive terms

d ' E: g convergss [diverges) xfz: by z: by .
Test for series of prct 1 ot
positive terms {p, 748) converges idiverges), and Jim %’L w [ 8 whose convergence (divergence] can
- e O be determinad.
positive real number,
AMlternating Series 59; (Ml)gﬂa} ap 3 0, Converges i The error made by using the nth
Test (p, 755 ) a ' partial sum to approximate the sum
i & of the series is less than or equal
* m ap = Qand to {aug1 ).
= the ap are nonincreasing,
2 o5y sl P
Absolute | fi: lax] converges, then E: ax converges. Ti;a converseisnot ;me, Thatis, if
Convergence Test (p. b=t k1 3 Jor] diverges X i, may or
3 3 s
59 et k-1
may not converge.

. - o5 w0 e e " ol
Rtat;a Test for series }: oy, converges if Tim lﬂml l <1 X - Good to use if g, includes factorials
with nonzero terms(p, £ Bora | Up st or powers: lt provides no
168) divergesif lim fatd > 1orif information if im I%lm lorif

ey et | Oy
i |SEELL o, Yim |, # oo does not exist.
N30 |y 0 | Gy

Root Test for series

o o
e a .
g ay convarges if r}% 1/faﬂ[ 1, E ag

Good to use if a, involvesnth

withnonzeroterms{p,  £7¢ ] powers. ik provides no inform.
768 . P : o =1
1681 diverges xf}{?& ] » Lorif nh«?& Ylia] =1

Yim o] 7 00.

f10Q




TABLE 6 Important Series

Series Name Serfes Description Comments
it e L& LA
Geometric series (pp. 125 b s gbar bt e, a0 COMVEEES T ifjr] < 1;
126 P . .
divergesifjr] 2 1.
Hormonic series (p. 729) &L 1.1 Di
ormonic series (p, Z LIPS S S Diverges.
ik 2 3
prseries (g, 740) 5 1 14 1 N 1 4orn Convarges ifp > 1; diverges if
Fed k P & 14 =l
-to-the-k series {p, 747) E1 R o 5.
k-to-the-k series | JSF PP NP Converge
el g P» ¥ 4
Alternoting harmonic sedes f:‘ {m‘i&)k"‘i . 1 1 1 Converges.
(p-156) &k TTETRTETT

So, how can you remember all these tests (besides using your Jedi powers)? Try this Moses phrase:

PARTING C
P p-series: Is the series in the fom1,~—1; ?
n
A Alternating series: Does the series alternate? Ifit does, are the terms

getting smallet, and is the nth térm 07

R Ratio Test: Does the series contain things that grow very large as n
increases (exponentials or factorials)?

T Telescoping series: Will all but a couple of the terms in the series cancel out?
I Integral Test: Can you easily integrate the expression that defines the series (are Dogs Cussing
in Prison?)
N  nth Term divergence Test: Is the nth term something other than zero?
G Geometric series: Is the series of the form Z ar™ ? )
’ n=0
. / o
C Comparison Tests: Is the series almost another kind of series (e.g. p-series or geometric)?

‘Which would be better to use: the Direct or Limit Comparison Test?




,

Given a series

Summary of Tests for Infinite Series Convergence

o0 o
Z a, or Z a,

. n=1 n=0
The following is a summary of the tests that we have learned to tell if the series converges or diverges.
They are listed in the order that you should apply them, unless you spot it immediately, i.e. use the first
one in the list that applies to the series you are trying to test, and if that doesn’t work, try again. Off you
go, young Jedis. Use the Force. Remember, it is always with you, and it is mass times acceleration!

nth-term test: (Test for Divergence only)

If lim a, = 0, then the series is divergent. If lim a, = 0, then the series may converge or diverge, so
n—> : H—>0D

you need to use a different test.

Geometric Series Test:

<1 and diverges

0 X ® -
If the series has the form z ar"™ or Z ar” , then the series converges if
n=1 n=0

r

. . . ‘ a
otherwise. If the series converges, then it converges to TI—
—-r

Integral Test:

. [os]
In Prison, Dogs Curse: If a, = f(n) is Positive, Decreasing, Continuous function, then Zan and

n=1

[ (m)dn either both converge or both diverge.
1

» This test is best used when you can easily integrate a, .

e Careful: If the Integral converges to a number, this is NOT the sum of the series. The series
will be smaller than this number. We only know this it also converges, to what is anyone’s
guess.

o8]
e The maximum error, R, for the sum using S, willbe 0< R, < I S (x)dx
. n

p-series test:

If the series has the form Z—%—; , then the series converges if p >1 and diverges otherwise. When
n

p =1, the series is the divergent Harmonic series.



Alternating Series Test:
If the series has the form ) (~1)" a, , then the series converges if 0 < a,,; < a, (decreasing terms) for

all n, for some », and lim b, = 0 If either of these conditions fails, the test fails, and you need use a
H~>0

- different test.

e if the series converges, the sum, S, lies between S, ~a,,; and S, +a,,,

o if IZ } converges then Z is Absolutely Convergent
o if lz a,,] diverges but Zan converges, then Zaﬂ is Conditionally Convergent

o if a,| converges, then » a, converges.
H n

Direct Comparison Test:
If the series looks like another series an , then:

o Ifa,<b, and an converges, then »_ a, converges also.
o If g,2b, and Zb,, diverges then Zan diverges also.

You need to know if Zb,, converges or diverges, so you usually use a geometric series, p-series, or

integrable series for the comparison. You must verify that for sufficiently large values of n, the rule of
sequence of one is greater than or equal to the other term for term. Use this test when the rule of
sequence if VERY SIMILAR to a known series.
2
Ex) compare - to-l— ,—~£~—»— 0—15, " 5 to " 5
2" 2" "W+l om (n2+3) (nz+3)

Limit Comparison Test:
(may be used instead of Direct Comparison Test most of the time)

If a,, b, >0 and 11m

- or lim |-
Xy

X300

! equal any finite number, then either both Z a, and Z b,

- a,

converge or diverge.
Use this test when you cannot compare term by term because the rule of sequence is “too UGLY” but
you can still find a known series to compare with it. :

2 —
S t2n-1 to »%« (you can disregard the leading coefficient and all non-leading terms,

Ex) compare:
) 4n® —6x+7 n
2

looking only at the condensed degree of the leading terms: 2"5" =
noon




Ratio Test:

i1

a,

If a, > 0and lim
n—>w0

= N (where N is a real number), then

1. Za,, converges absolutely (and hence converges) if N <1
2. > a, divergesif N>1or N =co
3. The test is inconclusive if N =1(use another test)

Use this test for series whose terms converge rapidly, for instance those involving exponentials and/or
factorials!!!!11!

Root Test:

If ) a, is aseries with non-zero terms and lim g|a,| = N (where N is a real number), then
n—>0

1. Z a, converges absolutely (and hence converges) if N <1
2. Y a,divergesif N>1 or N=co
3. The testis inconclusive if N =1(use another test)

‘ 2n
Use this test for series involving nth powers. Ex) ZET
: n

Remember, if you are asked to find the ACTUAL sum of an infinite series, it must either be a Geometric

. a . . ) . . .
series (S = 1—1——J or a Telescoping Series (requires expanding and canceling terms). The telescoping
— r "

1 B 1
2n—-1 2n+1

partial fraction decomposition must be used. Also note that it is possible to tell that this last series
converges by Comparison tests, but the actual sum can only be given by expanding!

series can be quite overt, such as Z( ) or in “disguise” as 24—2—1—, in which case
n —_—

The only other tests that allows us to approximate the infinite sum are the Integral test and the Alternate
Series Test. We can find the nth partial Sum S, for any series.




> ax Convergence / Divergence Flow Chart
" for 10.1 through 10.9 =

Nth Term Test for Divergence

oes lim a, = 07
Yes | Does lima, =0 No

Geometric Series

/

Alternating Series

No | Doesa, =ar™ 1, n=1? | Yesmump

Does . = (-1 o e Jim by = 0and
No = (—1)n+1 Yes mp|  "Tho

n

Yes* :

Try one of the following: v
T es

Comparison Test [ 150 < ay, < by?

~

No === No conclusion can be made.

. Yes
Pick b, to compare to a,.

Does an converge? No _»[ 150 < bn <a,? ] Yes mmmpp- (

Limit Comparison Test

B . 00 Y » k
Pick b,. Does lim In = ¢, where : es
n—00 by Yes mp-| Does’ E b,, converge?

¢ > 0 and finite, and ay,, b, > 07 : =1 '
NO =y,

Integral Test _
Yesmip (-

Isa,=f(Mm) cgntmuous, positive | voo | poes f°° f(n)dn con\)erge?
and decreasing on [a, ©)? a7

No=p-(:i

Ratio Test

An+1 Yes

an

<1?

Is lim
n—co

# 17 | Yes mumpp | Is lim

n—oo

An+1
an

LROOT TEST
Is limp oo /lan] # 17 YES




