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5.5 Exercises

Evaluating a Logarithmic Expression In Exercises 1-4,
-evaluate the expression without using a calculator.

1. log, § 2. log,, 9

3. log, 1 4. logai

Exponential and Logarithmic Forms of Equations In
Exercises 58, write the exponential equation as a logarithmic
equation oy vice versa.

5.()2°=8
b) 371 =3

7. (a) log,y 0.01 = —2
(b) log,s8 = —3

6. () 2723 =9
(b) 1634 =

8. (2) log;3 = —
(b) 49172 = 7

Sketching a Graph In Exercises 9-14, sketch the graph of
the function by hand.

9. y=2*

1.y =@
(x) = 52

10. y = 4*-1

12. y = 2*°

14, y = 371

Matching In Exercises 15-18, match the function with its
graph. [The graphs are labeled (a), (b), (c), and (d):]

(a)

-2 -4 -2 -

15. f(x) = 3*
17. f(x) = 3 — 1

16. f(x) = 3~*
18. f(x) = 3*~1

Solving an Equation In Exercises 19-24, solve for x or b.

19. (a) log,, 1000 = x
(b) log;; 0.1 = x
21. (a) logzx = —1
(b) log,x = —4

23. (@) x2 — x = logs 25

(b) 3x+ 5 = log, 64

20. () logy 37 = x
(b) log, 36 = x

22. (a) log,27 =13
(b) log, 125 = 3
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See GalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises,

24. (a) logzx + logy(x — 2) =1

(b) logo(x + 3) — log;px =1

Solving an Equation In Exercises 25-34, solve
equation accurate to three decimal places.

25. 3% =175 26. 55 = 8320
27. 2372 = 625 28. 3(5*"1) = 86

0.09\ 12 0.10\365 _
W)= w1497,

31 logyx ~ 1) = 5 32. log,o(t — 3) = 2.6
33. log, x2 = 4.5 34. logsv/x —4 =32
Verifying Inverse Functions In Exercises 35 and 36;

illustrate that the functions are inverse functions of each othey:
by sketching their graphs on the same set of coordinate axe

35. f(x) = & fl) =3
gx) = log, x g(x) = log; x

29. (l

Finding a Derivative In Exercises 37—58, find the derivative
of the function. (Hint: In some exercises, you may find if
helpful to apply logarlthmlc properties before differentiating,)

37, fx) = 4 38. f(x) = 3%
39, y =54 40. y = 634
41. f(x) = x> 42, y = x(67%) .

43. () = 1 4. ) = =—

45, h(ﬁ) = 2%cos 70 46. gla) = 57%25in 20

47. y = log,(5x + 1) 48. y = log,(x*> — 3x)

49. h(r) = logs(4 — 2)? 50. g(r) = logy(# + 7)°
51. y = logs V/x? — 1 52. f(x) = log,¥/2x + 1
x? ' x> -1

53. flx) = Ingx 1 54. y = log,,

WEZL 56 g(e) = logy e
2 - 8 g5x2 /1__x

58. f(1) = 32 1log, V/t + 1

55. h(x) = log,

10 log, ¢

57. g(t) = ;

Finding an Equation of a Tangent Line In Exercises.

. 5962, find an equation of the tangent line to the graph of the

function at the given point.
5. y=27* (-1,2)
61. y = logzx, (27,3)

60. y =52, (2,1)
62. y = log;y2x, (5,1)

Logarithmic Differentiation In‘Exercises 63-66, u

- logarithmic differentiation to find dyldx.

63. y = x%x
65. y = (x — 2p+1

64. y = x*1
66. y = (1 + x)1/




tinding an Equation of a Tangent Line In ExerClseS
70, find an equation of the tangent line to the graph of the
inction at the given point.

68. y = (sin x)*, (%T, 1)
(1, 1)

In Exercises 71-78, find

= (In x)s %, 70. y = x'/%,

(e, 1)

inding an Indefinite Integral
b1 ¢ indefinite integral.

JS"dx

; j(x2 + 27%) dx

Jx(S_"z) dx
3Zx
: J Tram®

Eyaluating a Definite Integral
wyaluate the definite integral.

2 4
7. f 2% dx so.J 34 dx
-4

-1

¢ the

72. f 8% dx
74, j (o + 59) dx

76. j (5 + 4)66+47 dy

78. f 280 % cos x dx

In Exercises 79-82,

1 3
.f(S"—3")dx '82.](7"~4‘)dx
0 1

Area In Exercises 83 and 84, find the area of the region
bounded by the graphs of the equations.

83.y=3",y=0,x=
84, y = 3%*sinx,y=0,x=0,x =7

0,x=3

'WRITING ABOUT CONCEPTS |
85. Analyzing a Logarithmic Equation Consider the |

function f(x) = log; x.
(a) What is the domain of f?
(b) Find 1.

(c) Let x be a real number between 1000 and 10,000.
Determine the interval in which f(x) will be found.

(d) Determine the interval in which x will be found if f(x)
is negative.

(e) When f(x) is increased by one unit, x must have been
increased by what factor?

(f) Find the ratio of x, to x, given that f(xl) = 3n and
f (xz) =n
86. Comparing Rates of Growth Order the functions
f&x) =

from the one with the greatest rate of growth to the one
with the least rate of growth for large values of x.

log, x, g(x) = x*, h{x) = x2, and k(x) =
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87. Inflation When the annual rate of inflation averages 5%
over the next 10 years, the approximate cost C of goods or
services during any year in that decade is

C(r) = P(1.05)

where 7 is the time in years and P is the present cost.

(a) The price of an oil change for your car is presently $24.95.
Estimate the price 10 years from now.

(b) Find the rates of change of C with respect to # when ¢ = 1
and ¢t = 8.

(c) Verify that the rate of change of C is proportional to C.
What is the constant of proportionality? :

. Depreciation After ¢ years, the value of a car purchased
for $25,000 is

V() = 25,000(3)"

(a) Use a graphing utility to graph the function and determine
the value of the car 2 years after it was purchased.

(b) Find the rates of change of V with respect to ¢ when ¢ = 1
and r = 4.

(c) Use a graphing utility to graph V/(z) and determine the
horizontal asymptote of V'(£). Interpret its meaning in the
context of the problem.

Compound Interest InExercises 89-92, complete the
table by determining the balance A for P dollars invested at
rate r for ¢ years and compounded » times per year.

n 12| 4| 12| 365 | Continuous Compounding

A
89. P = $1000- 90. P = $2500
=39 r=6%
t = 10 years t = 20 years
91. P = $1000 92. P = $4000
r=5% r=4%
t = 30 years t = 15 years

Compound Interest In Exercises 93-96, complete the
table by determining the amount of money P (present value)
that should be invested at rate r to produce a balance of
$100,000 in ¢ years.

93. r=5% 94. r = 3%
Compounded continuously Compounded continuously
95. r = 5% 96. r = 2%

" Compounded monthly Compounded daily
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97. Compound Interest Assume that you can earn 6% on
an investment, compounded daily. Which of the following
optlons would yield the greatest balance after 8 years?

(2) $20,000 now  (b) $30,000 after 8 years
" (c) $8000 now and $20,000 after 4 years
(d) $9000 now, $9000 after 4 years, and $9000 after 8 years

. Compound Interest Consider a deposit of $100 placed
in an account for 20 years at 7% compounded continuously.
Use a graphing utility to graph the exponential functions
describing the growth of the investment over the 20 years for
the following interest rates. Compare the ending balances for
the three rates.

@r=3% ®r=5% ()r=6%

99. Timber Yield The yield V (in millions of cubic feet per
acre) for a stand of timber at age ¢is V = 6.7¢(-481)/2 where
t is measured in years.

(a) Find the limiting volume of wood per acre as ¢
approaches infinity.

(b) Find the rates at which the yield is changing when ¢ = 20
years and ¢ = 60 years.

) HOW DOYOU SEE IT? The graph shows the
” “proportion P of correct responses after # trlals in-
Sa group prOJect in: learmng theory

Proportion of
" “correct responses . -
o 2
L

20406 8 10 1214
i - Trials

16 18 20

"' (a) What is the limiting proportlon of correct responses
asn approaches infinity?

(b) What happens to the rate:of change of the propomon
in the long un? L :

101. Populatlon Growth A lake is stocked with 500 fish,
and the population increases according to the logistic curve

10,000
1+ 19¢~5.

p(@) =

where ¢ is measured in months.

(a) Use a graphing utility to graph the function.
(b) What is the limiting size of the fish population?

(c) At what rates is the fish population changing at the end of
1 month and at the end of 10 months?

(d) After how many months is the population increasing
most rapidly?
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104.

Modeling Data In Exercises 105 and 106, find an

exponential function that fits the experlmental data collected
over time £.

105.

106.

102. Modeling Data The breaking strengths B (in tons)

lim (1 + x)1/~,
x—0*

steel cables of various diameters d (in inches) are shown
the table. :

0.75 | 1.00 1.50

383

1.25 1.75

9.85 | 21.8 592 | 844 | 1140

(a) Use the regression capabilities of a graphing utility to:
an exponential model to the data.

(b) Use a graphing utility to plot the data and graph th
model.

(c) Find the rates of growth of the model when d=108 an

d=1.5.
Comparing Models The numbers y of pancreag]
transplants in the United States for the years 2004 througﬁ
2010 are shown in the table, with x = 4 corresponding t

2004. (Source: Organ Procurement and Transplantatiop
Network)

(@) Use the regression capabilities of a graphmg ut111ty t
find the following models for the data.

yy=ax+b
, = ab® Y4 = ax

(b) Use a graphing utility to plot the data and graph each o
the models. Which model do you think best fits the data’

y,=a+blnx

b

(c) Interpret the slope of the linear model in the context of
the problem.

(d) Find the rate of change of each of the models for the year

demonstrate that e can also be defined as

1072 | 1074 | 10=¢

1| 0 1 2
y | 1200.00 | 720.00 | 432.00
t| o 1 2
v | 600.00 | 630.00 | 661.50




n tons) g png Properties of Exponents In Exercises 107-110,
> shown j = the exact value of the expression.
;’ ,Sl/m 5 108. 6in 10/In 6
175 0, 91/n3 110. 32V/1n2
114.0 | o e or False? In Exercises 111-116, determine whether the
4 P {ement is true or false. If it is false, explain why or give an
tility to fj mple that shows it is false.
_ 271,801
graph th L. ¢ = "99,900 ‘
1 VI f(x) = Inx, then f(e"*!) — f(e”) = 1 for any value of n.
=08 an The functions f(x) = 2 + ¢* and g(x) = In(x — 2) are inverse
. functions of each other. .
) 4p?}?r f(:)r:aﬁ f4" The exponential function y = Ce* is a solution of the
o I
onding (g} 3 differential equation
lantation} n
prantationg DYy =123 .. ..
_ dx"
10 The graphs of f(x) = * and g(x) = ¢™* meet at right angles. -
350 . If f(x) = g(x)e”, then the only zeros of f are the zeros of g.
. Comparing Functions
utility ¢ ' (a) Show that (23)% # 209,
© (b) Aref(x) = (x*) and g(x) = x) the same function? Why
or why not?
(c) Find f'(x) and g’(x).
'h each o . Finding an Inverse Function Let
the data
- 1
ontext o =4
f&) a +1
i the year fora > 0, a # 1. Show that f has an inverse function. Then
st rate in find f~!
. Loglstlc Differential Equatlon Show that solvmg the
table to logistic differential equation
dy _ 8 (5 _
2o EE-y) o=
results in the logistic growth function in Example 7.
1076
e s =4 )|
-y S\ 3-v
. Using Properties of Exponents Given the exponential
find ag * function f(x) = a*, show that
llecte ’
coee @ flu+ ) = f) - ).
- ) f2x) = [fW]~
4 21. Tangent Lines
55.52 (a) Détermine y’ given y* = x%.
(b) Find the slope of the tangent line to the graph of y* =
4 at each of the following points.
0 (e, @) (2,4)  GiD) 4,2)
2.30

(c) At what points on the graph of y* = x” does the tangent
line not exist?

5.5 Bases Other than e and Applications 365

PUTNAM EXAM CHALLENGE
122. Which is greater

(ﬁ)m or (\/n+l)‘/;

where n > 87

123. Show that if x is positive, then

1Y 1
loge(1+x> > T ¢

These problems were composed by the Committee on the Putnam Prizé Competition.
© The Mathematical Association of America. All rights reserved.

~ SECTION PROJECT |

Using Graphing Utilities to Estimate Slope
ety = {1 120

(a) Use a graphing utility to graph f in the viewing window
-3 < x <3,—2 <y < 2. What is the domain of f 7

(b) Use the zoom and trace features of a graphing utility to
estimate
lim f(x).
x>0

(c) Write a short paragraph explaining why the function f is
continuous for all real numbers.

(d) Visually estimate the slope of fat the point (0, 1).

(e) Explain why the derivative of a function can be-approximated
by the formula .

fle+ Ax) — fx — Ax)
2Ax

for small values of Ax. Use this formula to approximate the
slope of f at the point (0, 1). -

, ~f(0+Ax)—f(0—Ax)
) =~— TAx

_ AAx) — f(—Ax)
2Ax

. What do you think the slope of the graph of fis at (0, 1)?
(f) Find a formula for the derivative of fand determine f(0). Write
a short paragraph explaining how a graphing utility might lead
you to approximate the slope of a graph incorrectly.

(g) Use your formula for the derivative of f to find the relative
extrema of f. Verify your answer using a graphlng utility.

il FOR FURTHER INFORMATION For more information on
using graphing utilities to estimate slope, see the article
“Computer-Aided Delusions” by Richard L. Hall in The College
Mathematics Journal. To view this article, go to- MathArticles.com.
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